ALGEBRAIC ANOSOV ACTIONS OF NILPOTENT LIE GROUPS 



THIERRY BARBOT AND CARLOS MAQUERA 

Abstract. In this paper we classify algebraic Anosov actions of nilpotent Lie groups on 
closed manifolds, extending the previous results by P. Tomter f|29l l30jV We show that 
they are all nil-suspensions over either suspensions of Anosov actions of Z'"' on nilmanifolds, 
or (modified) Weyl chamber actions. We check the validity of the generalized Verjovsky 
conjecture in this algebraic context. We also point out an intimate relation between 
algebraic Anosov actions and Cartan subalgebras in general real Lie groups. 
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Introduction 

A locally free action of a group if on a closed manifold M is said to be Anosov if 
there exists a E H such that g := (j){a, ■) is normally hyperbolically with respect to the 
orbit foliation. As for Anosov flows, there exists a continuous D(7-invariant splitting of the 
tangent bundle 

TM = E'' ®TO® 

such that 

pc/^U-ll < C'e"^" > 
< C'e^" Vn < ' 

where TO denotes the /c-dimensional subbundle of TM that is tangent to the orbits of 0. 

The most natural examples of Anosov actions come from algebra: let G be a connected 
Lie group, K a compact subgroup of G, F C G a torsion- free uniform lattice, and l-L a 
subalgebra of the Lie algebra ^ of G contained in the normalizer of the Lie algebra K, 
tangent to K . Elements of l-i can be seen as left invariant vector flelds on G, hence 
induce an action of H on r\G/K, where H is the simply connected Lie group with Lie 
algebra isomorphic to "H (the immersion if S-> G is not assumed to be an embedding). 
The actions deflned in this way are called algebraic. More precisely, our terminology will 
be to call (G, K, T, l-i) an algebraic action. The necessary and sufficient condition for this 
action to be Anosov is easy to infer (Proposition [T]): for some element ()o of l-L, the action 
induced by ad(f)o) on ^/(H © /C) must be hyperbolic, ie. all the eigenvalues must have a 
non-vanishing real part. In this paper, we will only consider the case where H is nilpotent, 
with sometimes a special attention to the case H = with A; > 1. 

There are essentially two families of algebraic Anosov actions of M^: 



ALGEBRAIC ANOSOV ACTIONS OF NILPOTENT LIE GROUPS 



3 



- Suspensions of an action of 1} by automorphisms of nilmanifolds : such a suspension 
is Anosov as soon as one of the automorphisms is an Anosov difFeomorphism (§ I2.1.ip ; 

- Weyl chamber actions: when G is a real semisimple Lie group of M-rank k, the cen- 
trahzer of a (real split) Cartan subspace a is a sum o©/C where K, is tangent to a compact 
subgroup K. Then the right action of a on r\G/K is Anosov (§ I2.1.2p . Actually, this 
phenomenon is notoriously at the very basis of the representation theory of semisimple Lie 
groups. 

The two previous constructions can be combined: consider a Weyl chamber Anosov 
action (r\G/K, a), and a nilmanifold A\A^. Any representation p : G ^ Aut(A^) such that 
p(r) preserves A defines a fiat bundle over r\G/K; the horizontal lift of the a-action is 
still Anosov as soon as some p{'-f) induces an Anosov automorphism of A\A^. We get an 
algebraic Anosov action on (A Xp r)\(A^ y\pG)/ K. These examples can still be deformed, 
by modifying the fiat bundle structure, ie. by replacing A Xp F by any other lattice in 
N xipG. For a more detailed discussion, see § I2.4.2I 

This procedure can be generalized in the case where {G, K, F, "H) is any algebraic Anosov 
action, leading to the notion of nil-suspension over (G, K, F, "H) (Definition [7]): (G, K, f , "H) 
is a nil-suspension of (G, K, F, "H) if there is an algebraic map t\G/K — >■ T\G/K which is 
a fiat bundle admitting as fibers nilmanifolds such that l-i is the projection oii-L - but the 
fibers are non necessarily transverse to ?i, which has a component tangent to the fibers. 
When this component tangent to the fiber is trivial, the nil-suspension is called hyperbolic 
(Definition ED. 

P. Tomter gave in [29| [30] the complete list of algebraic Anosov fiows, ie. algebraic 
Anosov actions in the case where the acting nilpotent Lie group is simply M. The analysis 
in somewhat simplified by the obvious fact that a nil-suspension over an algebraic Anosov 
fiow which is still a fiow is necessarily hyperbolic. The present paper includes a new proof 
in this case, somewhat simpler than in [29j: 

Theorem (4], Let (G,/^, F,]R) be an algebraic Anosov flow. Then, (G, i^, F,R) is com- 
mensurable to either the suspension of an Anosov automorphism of a nilmanifold, or to a 
hyperbolic nil-suspension over the geodesic flow of a locally symmetric space of real rank 
one. 

In this paper, we extend this theorem to the case of any nilpotent Lie group H . It 
appears that in this case we get many more (interesting) examples, including the Weyl 
chamber actions. Let us first consider the case when G is solvable: 
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Theorem [T], Every algebraic Anosov action {G^K^T^l-C) where G is a solvable Lie group 
is commensurable to a nil- suspension over the suspension of an Anosov V-action on the 
torus (p G N*). In particular, up to commensurability, the compact Lie group K is finite 
(hence trivial if connected). 

We then consider the semisimple case. One can easily produce new examples, starting 
from a Weyl chamber action {T\G/K, a): it may happen that a©/C admits another splitting 

(B }C' where T-L is an abelian subalgebra commuting with the compact Lie algebra JC' . 
Then (T\G/ K' ,71) is still algebraic Anosov. A typical example is the lifting of a geodesic 
flow of a hyperbolic 3-manifold to the bundle of unit vectors normal to the flow: what we 
get is an Anosov action of (better to say, of M x S^). We call these examples modified 
Weyl chamber actions. 

Observe that {r\G/K, a) is naturally a flat bundle over {r\G/K', "H), with flbers tangent 
to the lifted action; but it is not a nil-suspension because G/K' is not a quotient of G/K 
by a normal subgroup of G. For more details, see § 12.2.11 We will prove: 

Theorem [21 Every algebraic Anosov action {G, K,r,'H) where G is a semisimple Lie 
group is commensurable to a modified Weyl chamber action. 

Finally, we are left with the general situation: 

Theorem [3l Let {G, KjTjT-L) be an algebraic Anosov action, where G is not solvable and 
not semisimple. Then: 

- either {G, K,r,'H) is commensurable to an algebraic Anosov action on a solvable Lie 
group (it happens when L is compact), 

- either {G, K,r,'H) is commensurable to a central extension over a (modified) Weyl 
chamber action (it happens when G is reductive), 

- or {G, KjTjT-L) is commensurable to a nil- suspension over an algebraic Anosov action 
which is commensurable to a reductive algebraic Anosov action, ie. a central extension over 
a (modified) Weyl chamber action. 

Central extensions are nil-suspensions which are totally not hyperbolic: the flbers of the 
associated flat bundle over the suspended action are tori included in the orbits of the lifted 
action (see Deflnition [6]). 

The statement in the last case may appear sophisticated. But it is not: it cannot be 
replaced by the simpler statement "(G, K, F, Ti) is commensurable to a nil- suspension over 
a reductive algebraic Anosov action". The point is that until now we didn't give the precise 
deflnition of "commensurability". If two algebraic actions are commensurable in the sense 
of Deflnition HI then they are dynamically commensurable, in the sense that they admit 
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finite coverings which are smoothly conjugate. However, our notion of commensurabihty 
(Definition H]) is finer; it means that one can go from one algebraic action to the other by 
simple modifications on G, T and which are listed in § \1.2\ and which obviously 
preserve the dynamically commensurable class, but where the conjugacy is "algebraic". In 
summary, one can replace the last item in the statement of Theorem [3] by "(G, F, is 
dynamically commensurable to a nil-suspension over a reductive algebraic Anosov action", 
but we would get a slightly less precise result. See Remark [16] and the example given in 
§ 12.4.31 for a detailed discussion on that question. 

This phenomenon is actually one of the facts that prevent us to consider here in full 
detail the rigidity question related to these algebraic Anosov actions. A striking property 
of (certain) Anosov actions is the C°°-rigidity property: 

Theorem [Katok-Spatzier, |16] ] Let {G, K, T, M'^) be a standard algebraic action by the 
abelian group M.^ with k >2. Then, smooth actions o/M'^ on T\G/K which are C^-close 
to the standard algebraic action are smoothly conjugate to it. 

Standard algebraic actions of M'^ are suspensions of Anosov actions of on nilmanifolds 
which satisfy a certain irreducibility property, Weyl chamber actions of semisimple Lie 
groups of real rank > 2 such that the lattice F is irreducible, and "twisted symetric space 
examples" (in the terminology of [IE]), i.e. the examples (A^ XpG, K, A xipF, l-L) introduced 
above where the representation p : G ^ Aut(A^) satisfies some irreducibility condition. Let 
us mention that the general expectation in the field is that Anosov actions of M'^ satisfying 
a suitable irreducibility property are standard, i.e. algebraic, and there are several recent 
results in this direction (|15[ 16]). 

It would be interesting to do a systematic study, determining among algebraic Anosov 
actions which one are C°°-rigid, including the case where l-L is nilpotent but not neces- 
sarily abelian. However, we have no new ideas to propose here on this matter, outside 
some obvious remarks (for example, central extensions are certainly not C°°-rigid), and 
considerations which would be merely a rewriting of the results in [T6l [T7] . 

Our original concern was about Anosov actions of M*^, but we soon realized that the case 
of actions of nilpotent Lie groups was similar, even more natural. Indeed, a traditional 
ingredient in the study of general Lie algebras are Cartan subalgebras (CSA in short), ie. 
nilpotent subalgebras equal to their own normalizers. It is a classical result that every Lie 
algebra admits a CSA, and CSA's are precisely Engel subalgebras, ie. subalgebras d Q 
such that the adjoint action of o\i Q/S^ has no 0-eigenvalue (cf. Lemma [T2|) . Now, if 
(G, K, F, %) is an algebraic Anosov action, l-i is closely related to CSA's in Q: for example, 
when Q is solvable, then l-L is a, CSA in ^, and hence is unique up to conjugacy in Q. 
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When Q is not solvable, the relation between l-L and is not so direct: in that situation, 
there is a one-to-one correspondence between CSA's in Q and CSA's in the Levi factor £ 
of ^; there is a well defined notion of hyperbolic CSA in which is unique up to conjugacy 
to Q. The point is that for algebraic Anosov actions which are simplified, ie. such that the 
compact group K is semisimple, the sum % © Oq, where Oq is a maximal torus in is a 
hyperbolic CSA, hence unique up to conjugacy in Q. For a more detailed discussion, see 
§1131 

Notations. We denote Lie groups by latin letters G, ... and Lie algebras by gothic 
letters ^, "H, ... The adjoint actions are denoted by Ad : G Q and ad : Q ^ Q. Given 
a morphism / : G — ?► if, we denote hy : Q ^ % the associated Lie algebra morphism. 
The torus of dimension £ is denoted by T^. 

Organization of the paper. In the preliminary section [1] we give the precise definitions 
of (algebraic) Anosov actions and of commensurability. In section |2] we give a detailed 
description of the fundamental examples (suspensions, modified Weyl chamber actions). 
We also define nil-suspensions and nil-extensions. Nil-suspensions which are nil-extensions 
are precisely central extensions. This section include a study of the fact that any nil- 
suspension is a sequence of central extensions and hyperbolic nil-suspensions which cannot 
be permuted. Section [3] contains the proofs of the classification Theorems (H |2] and [3l 
It starts by a preliminary subsection 13.11 containing general results, in particular, a link 
between the acting algebra "H and CSA's in Q (Proposition |5]). The following subsections 
13. 2[ 13. 3[ 13.41 are devoted to the proof of the classification case, in respectively the solvable 
case, the semisimple case, and the general case. In section H] we show how to briefly recover 
Tomter's results through our own study; we check that codimension one algebraic Anosov 
actions satisfies the generalized Verjovsky conjecture, namely that they are (dynamically) 
commensurable to nil-extensions of either the suspension of an Anosov action of on the 
torus, or the geodesic flow of a hyperbolic surface. We then briefly develop the relation 
between Anosov actions and Cartan subalgebras. The last section [5] is an appendix, where 
we have collected some classical algebraic facts necessary for our study. 

1. Preliminaries 

1.1. Algebraic Anosov actions. Let H he a simply connected nilpotent Lie group of 
dimension k, let Ti be the Lie algebra of H, and let M be a C°° manifold of dimension 
n + k, endowed with a Riemannian metric || ■ ||, and let be a locally free smooth action 
of the simply connected Lie group H on M. Let TO the /c-dimensional subbundle of TM 
that is tangent to the orbits of 0. 
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Definition 1. 

(1) We say that a E H is an Anosov element for (j) if g = cf)"- acts normally hy- 
perbolically with respect to the orbit foliation. That is, there exists real numbers 
A > 0, C > and a continuous Dg-invariant splitting of the tangent bundle 

TM = ET ®TO® 



a 



such that 

\\Dg'^\Egs\\ < Ce-^"" Vn > 
\\Dg'^\Eu4<Ce^'^ Vn<0 
(2) Call an Anosov action if some a E H is an Anosov element for 0. 

The action cf) is a codimension-one Anosov action if i?™ is one- dimensional for some 
Anosov element a E H. 

Here, we are concerned with algebraic Anosov actions of H. 

Definition 2. A (nilpotent) algebraic action is a quadruple {G, KjrjH) where: 

- G is a connected Lie group, 

- K is a compact subgroup of G, 

is a nilpotent Lie subalgebra of the Lie algebra Q of G contained in the normalizer 
of K,, the Lie subalgebra tangent to K, and such that "H fl /C = {0}, 
-T is a uniform lattice in G acting freely on GjK . 
If the group K is trivial, we simply denote the action by {G,r,'H). 

The justification of this terminology is that, given such a data, we have a locally free 
right action of the Lie group H associated to "H on the quotient manifold r\G/K. The 
algebraic action is said Anosov if this right action is ... Anosov! 

Proposition 1. An algebraic action {G, K,r,'H) is Anosov if and only if there is an 
element i)o ofH and an a.d{[)Q) -invariant splitting Q = U (B S (B K, (BH of the Lie algebra Q 
of G such that the eigenvalues of a,d\)Q\u (resp. adfiolsj have positive (resp. negative) real 
part. 

Remark 1. Several authors include in the definition of Anosov actions the property that 
the center of the group contains an Anosov element f|25 [ l28 ] ). This restriction is crucial in 
the case of general Lie groups in order to ensure the invariance by the entire group of the 
stable-unstable decomposition of a given Anosov element. However, this restriction, in the 
case of algebraic Anosov actions of nilpotent Lie groups is unnecessary for that purpose, 
as shown by the following LemmaUl 
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Lemma 1. Let N be nilpotent Lie subgroup of GLiV), where V is a real vector space 
of finite dimension. For every element x of N let Spec(a;) denote the set of (complex) 
eigenvalues of x. For every element A of Spec(x) let Vx{x) denote the generalized X- 
eigenspace of x, ie. the maximal subspace of V which is x-invariant and such that the 
only eigenvalue of the restriction of x to Vx{x) is A. Then, the spectral decomposition 
V = ©AeSpec(x)VA is N -invariant. 

Proof. This Lemma is classical. See for example \'2'2\ Theorem 9.1, p. 42]. □ 

Proof of PropositionUi Let {G, K,r,'H) be an algebraic action. Select an Ad(-ft')-invariant 
metric on Q, and equip G with the associated left invariant metric. It induces a metric on 
T\G/K. The tangent space at of G/K is naturally identified with the quotient Q/IC. 
The adjoint action of every element \) oil-L induces an action on Q /IC, that we still denote 
by ad(f)). 

Assume that (G, f^, F, "H) is Anosov, ie. that there is an Anosov element fio of "H. The 
stable and unstable bundles and E^'^ lifts as ?^-invariant sub-bundles. Since the right 
action of "H commutes with the left action of G on G/K, these subbundles, which are 
unique, have to be preserved by left translations. Hence, they define an ad('H)-invariant 
splitting Q /K = S Q)U (B'H, where U is expanded by ad([)o), <S contracted by ad(()o), and 
such that the restriction of ad(f)o) to Ti is nilpotent. Since the restriction of ad(f)o) to /C 
has only purely imaginary eigenvalues, the spectral decomposition of ad(f)o) on Q must be 
of the form ^=W©5©/C©'Has required. 

Inversely, assume that Q admits an ad(f)o)-invariant splitting Q = lA®S®K,®'Has, 
stated in the Proposition. According to Lemma [H the splitting Q = W©iS©/C©'His 
ad('H)-invariant. The Proposition then follows easily. □ 

In the sequel, we will need to consider the universal covering. In doing so, we may 
unwrap K in the universal covering of G in a non-compact subgroup. Hence we need to 
introduce the following notion: 

Definition 3. A generalized (nilpotent) algebraic action is a quadruple {G,K,T.,'H) satis- 
fying all the items of Definition\^ except the second item replaced by: 

- the intersection K P^T is a uniform lattice in K, contained in the center of G. 

1.2. Commensurability. Our first concern is the classification of Anosov actions of nilpo- 
tent Lie group Ti up to finite coverings and topological conjugacy. There are several obvious 
ways for two algebraic actions to be conjugated one to the other, or, more generally, to be 
finitely covered by conjugated algebraic actions: 
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(1) If r" = r n r' has finite index in T and T', then [G, K, T", %) is a finite covering of 
{G,K,V,H) and {G,K,V',V:). 

(2) If K' is a finite index subgroup of K, then {G,K',T,'H) is a finite covering of 
{G,K,V,H). 

(3) Let G' be a Lie subgroup of G containing F, such that l-L is contained in Q' and such 
that G is generated by the union KVJG': then the natural map G' /{KOG') G/K 
is bijective, and (G, K, F, l-L) is conjugate to {G' , K fl G", F, "H). 

(4) Let %' be a Lie subalgebra of ® /C supplementary to /C, ie. the graph of a Lie 
morphism (-.n^IC. Then {G, K, F, is conjugate to (G, X, F, n). 

(5) Assume that i^' contains a subgroup L which is normal in G. Consider the quotient 
map p : G ^ G/ L. The image of "H under p=„ is a Lie subalgebra Ti in direct sum 
with p^,[]C). This map induces a diffeomorphism p : F\G/K — > p{T)\{G / L) / [K / L) 
which is a conjugacy between {G/L,K/L,p{r),'H) and {G, K,r,'H). 

(6) Finally, let p : G — )■ G' be an epimorphism with discrete kernel contained in F. 
Then p{K) is still compact, p{T) is discrete in G', and p{T) (1 p{K) is trivial. The 
morphism p induces a finite covering of {G' ,p{K),p{T),p^,{'H)) by {G, K,T,'H). 

Definition 4. Two algebraic actions are commensurable if there is a sequence of trans- 
formations using items (1) — (6) going from one of them to the other. 

If moreover the resulting actions are conjugate, then the actions are equivalent. 

Remark 2. // two algebraic actions are commensurable, then they admit finite coverings 
which are conjugate one to the other. In particular, if one of them is Anosov, the other is 
Anosov too. 

Remark 3. Let Kq denote the identity component of K . By item {2), {G, K,T,'H) and 
(G, Kq, F, H) are commensurable. Hence, up commensurability, we can always assume, and 
we do, that K is connected. 

Remark 4. Let C he an ideal of Q contained in /C and maximal for this property. Then, 
by item (5), {G/L, K/L,T,'H) and {G, K,r,'H) are commensurable, and there is no non- 
trivial ideal of the Lie algebra of G/L contained in K/L. Hence, up commensurability, we 
can always assume, and we do, that K, contains no ideal of Q. 

Lemma 2. Up to equivalence we can assume that K centralizes of H. 

Proof. Let JC — JC* ®Kihe the splitting in semisimple (the Levi factor) and abelian (the 
radical) subalgebras. This sphtting is unique, and Hi lies in the center of JC. The adjoint 
action of H preserves this sphtting. 
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- The Lie algebra is tangent to a compact abelian subgroup Hi of G, a torus, which 
is if-invariant. But the automorphism group of a torus is discrete, isomorphic to the group 
GL(£, Z) for some integer £. Hence the action of H is trivial, and % lies in the centralizer 
of Ui. 

- Now consider the induced adjoint action ad : H — ?■ Aut(/C*). Since /C* is semisimple, 
every derivation is an inner derivation, ie. Aut(/C*) JC*. Therefore, there is a Lie algebra 
morphism i/ : "H — t- /C* such that ad(/i) and ad(z/(/i)) have the same adjoint action on /C* 
for every h in Ti. Replace H by the graph Tiu C H © /C* of —u: we obtain an equivalent 
algebraic action {G, K, F, Ti,^) for which T-Li, lies in the centralizer of /C. □ 

2. Examples 

2.1. The "irreducible" models. In this section, we describe the main examples, from 
which all other algebraic Anosov actions can be constructed through nil-suspensions, which 
will be described in the next section. 

2.1.1. Suspensions of Anosov actions ojj} on nilmanifolds . Let be a simply connected 
nilpotent Lie group and A a torsion-free uniform lattice in A^. Let p : M*^ — )■ Aut(N) be a 
representation such that p{a) is hyperbolic for some a G M'^ and p{v) preserves A for all 
w in C M^. Then p induces an Anosov action of on the nilmanifold A\A^, and the 
suspension is an Anosov action of M'^ on a manifold which is a bundle over the torus T'^ 
with fiber a nilmanifold. 

This example is algebraic: the group G is the semi-direct product of A^ by M*^ defined 
by the morphism p : M'^ — > Aut(N); the compact group K is trivial, and the lattice F is a 
semidirect product of A by Z'^. 

Remark 5. In these examples, there is an element v ojit such that p{y) induces an Anosov 
diffeomorphism on A\N. Observe that it is known that any Anosov diffeomorphism on a 
nilmanifold A\N is topologically conjugate to a linear one, ie. induced by an automorphism 
of N preserving the lattice A (^|19| ). 

It is actually conjectured that any Anosov diffeomorphism is topologically conjugate to a 
hyperbolic infra-nilmanifold automorphism (cf. for example [7], page 63). These automor- 
phisms are defined as follows: let F be a finite group of automorphisms of the nilpotent 
Lie group N , and let A be a lattice in the semi-direct product G = N xi F. Then A acts 
freely and properly on N, defining a infra-nilmanifold A\N. Let f : G ^ G be any auto- 
morphism preserving A and for which f{N) = N: it induces a diffeomorphism on A\N 
called a hyperbolic infra-nilmanifold. When f^-.M^Mis hyperbolic, this diffeomorphism 
is Anosov. 
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Suspensions of algebraic actions ojl}' on an infra-nilmanifold by infra-nilmanifold auto- 
morphisms, including an Anosov one, are examples of Anosov actions ofM.'', but they are 
all commensurable to suspensions of actions of 1} by automorphisms on nilmanifolds. 

2.1.2. Weyl chambers actions. Let G be a non-compact semisimple connected real Lie 
group with finite center, with Lie algebra Q . Let F be a torsion-free uniform lattice in G, 
and a a (M-split) Cartan subspace of G (see the Appendix, § [5]). The centralizer of a in 
^ is a sum a © /C, where /C is the Lie algebra of a compact subgroup K G G. The right 
action of a induces a M'^-action on the compact quotient M = r\G/K. The adjoint action 
of a on ^ preserves a splitting : 



where every a (the roots) are linear forms describing the restriction of ad(a) on The 
regular elements a of a for which a{a) 7^ corresponding to the Weyl chambers of the Lie 
group, form a union of open convex cones of Anosov elements according to our definition. 

This family of examples was mentioned in |l14J. They are called Weyl chamber flows in 
[16] . but we prefer to call them Weyl chamber actions, since flow should be reserved to the 
case k = 1. 

2.2. Nil-extensions. 

Definition 5. An action (M, 0) of a simply connected nilpotent Lie group H is a nil- 
extension of an action (M, 0) of H if there is an epimorphism r : H ^ H and a bundle 
p: M ^ M such that: 

- the (p-orbits of the kernel Hq of r are the fibers of p, 

- the kernel Hq contains a lattice Aq which is the isotropy group of the H^-action at 
every point x of M, 

- p : M ^ M is a r-equivariant principal Ao\Hq bundle: for every a in H we have: 



In particular, p is a principal Ao\-f^o-bundle. The fibers of p are contained in the orbits 
of 0. Observe that a nil-extension is never faithful since every isotropy group contains the 
lattice Aq. 

Clearly, a nil-extension of (M, 0) is Anosov if and only if (M, 0) is Anosov. If a is an 
Anosov element of H such that 0'* fixes a point x in M, any lift a of a in if induces on the 
nilmanifold p~^{x) a diffeomorphism which is partially hyperbolic, with central direction 
tangent to the restriction of Ti to the fiber. 




'a 



p o 0" = 0'-(") 
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Nil-extensions do not introduce new essential dynamical feature of the initial algebraic 
action they are constructed from. Hence we consider them as "trivial" deformations. 

When the kernel Hq is free abelian, the nil-extension is called a abelian extension 
(compare with [H [5]). One can define nil-extensions as iterated abelian extensions (cf. 
§ I2.3.ip . Be careful: the converse is not true. Indeed, the iteration of abelian extensions 
may lead to a non-nilpotent solvable group. 

In the next subsection, given an algebraic Anosov action {G, K, F, "H) we see two different 
ways to produce abelian extensions which are still algebraic. 

2.2.1. Modified Weyl chamber actions. Let {G, K, T, a) be a Weyl chamber action. In some 
cases, the compact Lie group K is not semisimple: its Lie algebra /C splits as a sum of 
an abelian ideal 7^ (the radical, which is also the nilradical) and a semisimple (compact) 
ideal /C*. Actually, a © 7^ is the (nil)radical of a © /C, and /C* a Levi factor. Observe that 
since Levi factors are unique up to conjugacy, and since a ©7^ commutes with /C*, it is the 
unique Levi factor. 

Let K' be a connected closed subgroup of K containing the Levi factor K* of K: it 
is tangent to /C* © /Cg, where /Cg is a subalgebra of Te- Let Tie be any subalgebra in Te 
supplementary to /Cg. Let H' be the subalgebra a® 'He- Then {G, K' jTj'H') is Anosov, 
since the action of any element of C a © 7^ admitting as a-component a regular element 
is still hyperbolic transversely to H' © (/Cg © /C*) = a © /C. For example, one can select 
/Cg = {0}: then K' = K* and "H' = a © 7^: this choice lead to the simplification of the 
Weyl chamber action (see Definition [TTj) . 

The projection p : T\G/K' T\G/ K is a principal bundle, admitting as fibers the right 
orbits of the torus tangent to /Cg. It follows that the algebraic action {G,K',r,'H') is an 
abelian extension of {G, K,r, a). Observe that the simplification {G,K*,r,a(B %) is an 
abelian extension over any other modified Weyl chamber action obtained by other choices 
of /Cg, T-L. 

Such a construction is possible only when Te is not trivial, ie. when K is not already 
semisimple and admits indeed a non-trivial radical. It is the case for example when G = 
SO(p, p + 2): it has M-rank p, and the compact part K of the centralizer of a R-split Cartan 
subgroup is isomorphic to SO (2). Therefore, the right action of Ax K on F\G is an abelian 
extension of the Weyl chamber action on r\G/K. 

More generally, when G admits i simple factors of the form above, then the radical of 
K contains a torus T^, product of the subgroups S0(2) in each of the i factors. 

As a particular case, consider the real Lie group G = S0(l,3). A Cartan subspace of 
50 (1, 3) is the set of matrices of the form: 
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The compact part K of the centrahzer is the Lie group isomorphic to SO (2) comprising 
the matrices: 



/ 1 \ 

10 

cos^ sine 

\ -sine cose / 

It is well-known that the Weyl chamber flow {G — S0(1, 3), K, F, o) is the geodesic flow 
on the unit tangent bundle r\SO(l, 3) /K over the hyperbolic manifold r\SO(l, 3) /S0(3) f« 
r\HI^. The only way to modify this Weyl chamber flow is to include the entire K, in the 
new H', hence to consider the algebraic action (G, r,H' — H ® IC) with no more compact 
subgroup. 

It is an action of M x §^ on r\SO(l, 3). Observe that this homogeneous manifold is the 
unit frame bundle over the hyperbolic manifold r\HI'^, with is naturally identified with the 
bundle over r\HI^, made of pairs of orthogonal unit tangent vectors {u, v) (there is a unique 
w in r\T^EI^ such that {u,v,w) is an oriented basis). The action of the first component 
M corresponds to the motion of u along the geodesic flow, pushing v along the geodesic by 
parallel transport, whereas the action of the second component flxes the flrst vector u 
and rotates the second vector v in the 2-plane orthogonal to v. 

This example cannot be generalized for geodesic flows in higher dimensions, since the 
compact part of the centrahzer of a Cartan subspace in S0(1, n+1) is isomorphic to SO(n), 
which is not abelian for n > 2. 

Remark 6. Every modified Weyl chamber action is equivalent to a modified Weyl chamber 
action associated to semisimple Lie group with no compact simple factors. 

Indeed, let {G, K, T-L, T) be a modified Weyl chamber action, where G is simply connected. 
Let C be the product of the all the compact simple factors of G. Then G = Gnc-C where 
Gnc is a semisimple Lie group with no compact factor. Since G is compact, the projections 
of S, U in its Lie algebra C are trivial; hence C is the sum of the projections ofH and fC. 
Since G is semisimple, its radical is trivial, therefore the projection of T-L is trivial too: C 
is actually the projection of the semisimple part K* of K. Hence, K contains the compact 
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part C, which is normal in G. Now by item (5) in the definition of commensurability , 
{G, K,1-L,T) is equivalent to {G/C ~ Gnc, K/C,p^,{'H),p{r)) where p is the projection 
p:G^ G/C. 

2.2.2. Central extensions. In the previous section, abelian extensions were defined keeping 
the same Lie group G, but modifying the compact K. Here we describe another procedure, 
keeping essentially the same compact group K, but enlarging the group G. In the next 
section, this notion will be generalized to the notion of nil- suspensions. 

Definition 6. An algebraic action {G, K,t,'H) is a central extension of {G, K,T,T-L) if: 

(1) there is a central exact sequence 

O^Ho^G^PG^l 

(2) the Lie algebra T-Lq of Hq is contained in ii (hence T-Lq fl /C = {0} ), 

(3) p{k) = K, 

(4) p(f) = r, 

(5) p,{fi)=H. 

Lemma 3. If {G, KjtjT-L) is a central extension of {G, K,T,'H) in the sense of Defini- 
tionlBi then the associated action on (T\G/K) is an abelian extension in the sense of 
Definition\^ of the action on T\G/ K . 

Proof. Since p{K) = K, we have an induced map p : t\G/K — t- T\G/K. This map is 
equivariant with respect to the (right) actions of and "H. 

Moreover, let tgK and tg'K be two elements of t\G/K having the same image under 
p. Then, there is an element 7 of F and an element k of K such that: 

pig) = lP{9')k 

Now there is a 7 in f and a A; in such that ^(7) = 7 and p{k) = k. Then: 

pig) = piig'k) 

Since Hq is the kernel of p, we get that tgK and tg'K lies in the same orbit of the right 
action of Hq. Conversely, the fibers of p contains the orbits of this action of Hq. 

Let A be the intersection F fl Hq. Since F is a uniform lattice, and since p{T) = F, A is 
a lattice in Ker(p) = Hq. Let F be the intersection Hq (1 K. Since Ho is tangent to H and 
since K is compact, F is a finite group. The product FA is a lattice Aq in Hq. Since Hq 
is in the center of G, the (right) action of Hq induces an action of Hq/ Kq on t\G/K. 

Let h be an element of Hq fixing some element TgK. Then, there is an element 7 of F 
and some element k oi K such that gh = ■ygk. Taking the image under p we get that ^(7) 
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fixes some element of G/K (namely, p{g)K). Since the action of F on G/K is free, 7 lies 
in A. Therefore, it commutes with g, and we have h = ^k. In particular, k lies in F. We 
finally get h G Aq, hence the action of Hq/F Aq ^ is free. 

In summary, p is an equivariant map whose fibers are the orbits of T^, hence an equi- 
variant principal T^-bundle. The lemma is proved. □ 

Remark 7. A very particular situation, where all the hypothesis in Definition\^ are trivially 
satisfied, is the product case, when G is simply the product Hq x G: it amounts to simply 
multiply the algebraic Anosov action by a torus . 

Remark 8. A central extension of a central extension is not necessarily a central extension. 
Indeed, the kernel Hq of the the first central extension does not necessarily lift in the biggest 
group. 

2.2.3. Non-product central extensions. Here we provide a typical example, inspired by an 
example due to Starkov (cf. [16j), of a non-product central extension: 

Let Heis be the Heisenberg group (of dimension 3): there is a non-split central extension: 

^ M ^ Heis ^ ^ 

A convenient way to describe Heis is to define it as the product R x equipped with the 
operation: 

(t, u).{t\ u') = it + t' + uj{u, u'),u + u') 

where w : R^ x R^ — )• R is a symplectic form. Here, we will consider a symplectic form u 
taking integer values on 1? dM?. 

Let Heisz denotes the lattice of Heis made of integer elements of R x R^. Then for every 
A in SL(2,Z) the map A* : Heis — )■ Heis defined by A*{t,u) = {t,A{u)) is a morphism 
preserving Heisg (observe that A* is trivial on the center of Heis). 

If A is hyperbolic, then the induced diffeomorphism A* : Heis^VHeis — )■ Heisz\Heis is 
partially hyperbolic, with central direction tangent to the orbits of the center. Let (Mq, 0o) 
be the suspension of A*. The flow 0o commutes with the (periodic) flow induced by the 
center of Heis. These flows altogether define a R^-action on Mq which is Anosov. It is 
algebraic, with trivial compact group K and as group G an extension of Heis by R. It 
is moreover a central extension of the suspension of A : Z2\R2 Z2\R2. This central 
extension is not a product, since (the 3-step solvable) group Heis x^. R is not isomorphic 
to the (2-step solvable) product R x (R^ x^ R). 
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2.3. Nil-suspensions per se. Let {G, K,T,'H) be an algebraic Anosov action. Consider 
an exact sequence: 

1 — ^A^ — >G — >G — ^1 (2.1) 
where is a nilpotent Lie group. This exact sequence implies an exact sequence: 

o^Af ^0 (2.2) 

where JV is the (nilpotent) Lie algebra of A^. Observe that we don't require (12.11) and (12. 2p 
to be split. 

Assume that K lifts as a compact subgroup K in G whose tangent Lie subalgebra /C 
satisfies JCnAf = {0}. 

Let r be any uniform lattice in G whose projection in G/N ^ G is F. The intersection 
A := f n A^ is then a lattice in A^. Observe that the projection map G — > G/N ^ G 
induces a bundle map r\G/K — )■ V\G /K whose fibers are the orbits of the right action of 
A^ (observe that since A^ is normal in G, right orbits and left orbits of A^ are the same). 
More precisely, the fibers are diffeomorphic to the nilmanifold A\A^, where A = F fl A^. 

Let i-i denote a nilpotent subalgebra of g such that the projection p{i-i) is T-i. 

Definition 7. {G,K,t,i-i) is a nil- suspension over {G,K,T,'H). 

The bundle map r\G/K — > V\G / K is equivariant relatively to the actions of T-L. 
The orbits of the right action of i-L admit a part tangent to the fibers of this fibration: the 
orbits of iinAf. When this tangent part is the entire fiber, ie. when T-L contains Af, the nil- 
suspension is a nil-extension in the sense of Definition [5l In particular, central extensions 
are precisely nil-suspensions for which the exact sequences (I2.ip . (12. 2p are central, and such 
that Af is contained in 'H. 

An arbitrary nil-suspension of an algebraic Anosov action is not necessarily Anosov. The 
proof of the following proposition is obvious: 

Proposition 2. The algebraic action [G,K,T,T-L) is Anosov if and only if some element 
P)o of T-i admits a lift \)q in T-L such that the induced adjoint action on Af/ {i-L fl Af) is 
hyperbolic. □ 

Remark 9. Observe that for if l)o admits a lift in in i-i satisfying the hypothesis of Propo- 
sition then all the lifts of [)o have the same property. Indeed, the algebra p~^{'H) is 
solvable, hence its adjoint action on Af ^ C can be put in the triangular form. The diag- 
onal coefficients provide linear maps Ai, ... , A„ : p^^{'H) — t- C, that vanish on Af, and 
therefore induce maps Xi, ... , : H — t- C. Then the condition stated in PropositionlE is 
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equivalent to the statement that for every i, the complex number Aj(fio) is either or have 
a non-vanishing real part. 

Some special cases deserve a particular terminology. 

Definition 8. Let {G, K,t,'H) is an Anosov nil- suspension over {G,K,T,T-L). When the 
action on is hyperbolic, i.e. whenMnl-L is trivial, the nil- suspension is hyperbolic. 

When the nilpotent group N is abelian, i.e. when the nilmanifold A\N is a torus, the 
nil- suspension is a -suspension. 

2.3.1. Nil- suspensions as iterated T''- suspensions. Every nil-suspension can be obtained 
by iteration of T^-suspensions. Indeed, let Nn be the last non-trivial term in the lower 
central serie of A^, and let N be the quotient N/Nn- Let p : G Aut(iV) be the induced 
representation. According to Theorem [5] A„ = A fl A"„ is a lattice in A^„. It follows 
that the projection of f in G/Nn is a lattice f„. Then [G /Nn,K /Nn^tn^i-L/ {T-L fl A/'„)) 
is an Anosov nil-suspension over {G, K,r,'H). Clearly, (G, -ft', f,?^) is T^-suspension over 
(G/Nn, K/Nn, Tn,'f{-/{'f{-^J^n)- the fiber is the torus A„\A^„, and the representation is the 
one induced by the action of G on A^„ by conjugacy. 
The claim follows by induction. 

Remark 10. Proposition IE has a simpler formulation in the case of T^- suspensions: in 
this case, the adjoint action of Q on Af induces an action of Q on the abelian Lie algebra 
M , since inner automorphisms of M are then trivial. Then, the condition is that the action 
ofH on Af has to be partially hyperbolic, with central direction T-L fl Af . 

This criteria can be applied successively in the general case at each level of a tower of 

-suspensions defining the general nil- suspension 

Remark 11. Here we give an example where it appears clearly that the operations of 
hyperbolic T^- suspensions and central extensions do not commute. 

Let V be a dimensional vector space, endowed with a basis (60,61,62). Let N be the 
product V y~ f\^V equipped with the composition law: 

[u, uj).{u' , u') := [u + u ,UJ + u' + u /\ u') 

N is a nilpotent Lie group, with [A^, A^] = /\^ V . Let A be the lattice in V comprising 
Ij-linear combinations of (60, 61, 62), and let A* be the lattice in /\^ V comprising li-linear 
combinations of the Ci A Cj. Then A x A* is a lattice T in the group N. 

Let A be any linear automorphism ofV preserving A. It induces a linear transformation 
on /\^V preserving A*. We select A so that it preserves 60 and admits two eigenvector 
u+, U-, associated respectively to real eigenvalues \, . Then the map A : {u,uj) 1— ?■ 
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{A{u),A*{u)) induces a partially hyperbolic automorphism J'a on the 2-step nilmanifold 
r\N. The central direction of A is the subgroup Hq comprising elements of the form 
(aeo, bu+ A u^) with a, b eM.. 

Then the suspension of fA, together with the right action of Hq, define an Anosov action 
o/M^. This suspension is a central extension over the Anosov action defined in a similar 
way, but where /\^ V is replaced by its quotient by the line spanned by m+ Am_ (which indeed 
intersects A* non-trivially) . This new Anosov action is itself a hyperbolic supension over 
the Anosov M?- action defined as the combination of the suspension of the diffeomorphism 
of A\V induced by A and the translations in A\V along the central direction Cq. 

This last M?-action is itself a central extension over the suspension of an Anosov auto- 
morphism of the 2-torus. 

However, the initial Anosov action ofM.^ is not a central extension over the suspension 
of any Anosov action ofj}. 

2.4. Nil-suspensions: the fundamental cases. We have defined the notion of nil- 
suspension in the general case. Our main Theorem states that, up to commensurability, 
every algebraic Anosov action is a nil-suspension over the suspension of an Anosov action 
of or over (a central extension of) a modified Weyl chamber action. Even if dynami- 
cally poorly relevant, nil-suspensions are already by themselves quite complicated. In this 
section, we try to provide more precisions about how can be nil-suspensions over these 
fundamental examples. 

2.4.1. Nil- suspensions over suspensions of actions of iJ^ . Let us consider an algebraic ac- 
tion (G, r, 7/), suspension of an Anosov action of Z*"': G is a semidirect product W Xp M'^', 
where p : M'^' — > GL(p, M) is a morphism, whose restriction to Z*^ takes value in GL(p, Z), 
and such that p(M'^) (and therefore p{'L^)) contains a hyperbolic element. To produce such 
an action is already not so trivial, involving finite field extensions over Q (see for example 
Example 3 in [2]). 

Now let (G, f,?i) a nil-suspension over {G,T,T-i). There is an exact sequence: 

1 ^ iVo ^ G ^ G ^ 1 

where Nq is a nilpotent (connected) Lie group. Let N be the preimage in G of the normal 
subgroup W of G. We assume here that is the nilradical of G; it actually follows from our 
classification Theorem in the solvable case (Theorem [1]) that we don't loose any generality 
in doing so. 

Let A^i = N, N2 = [A''i,A''i], etc... denote the terms of the lower central serie of A^. 
Let us consider the last non-trivial term of this serie. Let Hn be the intersection between 



ALGEBRAIC ANOSOV ACTIONS OF NILPOTENT LIE GROUPS 



19 



H and A^„. Since Nn is contained in the center of A^, commutes with every element 
of A^. Moreover, it is preserved by the adjoint action of which induces an action of 
M'^ G/N . This induced action is moreover unipotent (since H is nilpotent). Let H*^ 
be the (non trivial) subspace in Hn comprising common fixed points for this action of R*"'. 
Every element of is in the center of N and commutes with H: it lies in the center of 
the entire G. 

The intersection A = F fl is a lattice in H. Let be an Anosov element in this 
intersection. The action of by conjugacy induces an automorphism in Nn which is 
partially hyperbolic, with central direction if„, and fixing pointwise According to 

Remark [m fl A is a lattice in We can then take the quotient by H^/{H^ fl A). It 
follows that the action is a central extension over an algebraic Anosov action such that 
has been deleted. 

Repeating inductively this procedure, we obtain that {G, f , T-L) is a nil-extension over 
an algebraic Anosov action such that Hn is trivial (this nil-extension is not necessarily a 
central extension, cf. Remarque [8]) . 

Now by taking the quotient by Nn as in § 12.3.11 we get that the Anosov action is a T^- 
suspension over another algebraic Anosov action, for which the nilradical has now nilpotent 
index n — 1. Observe that this suspension is hyperbolic since Hn = H Cl Nn is trivial. 

By induction, we obtain that (G, f , T-L) is obtained from (G, F, T-L) by an alternating 
succession of nil-extensions and hyperbolic T^-suspensions. Observe that this conclusion 
does not hold for nil-suspensions over arbitrary algebraic Anosov actions: here, the fact 
that the quotient G/N is abelian is crucial. 

2.4.2. Nil- suspensions over Weyl chamber actions. A first remark is that when the algebraic 
action {G, K, F, "H) is a Weyl chamber action, then the hypothesis of Proposition [2] is easily 
satisfied. 

More precisely: let G be a semisimple Lie group, let {G, K, F, a) be a Weyl chamber 
action, and let G be a nil-extension of G: 

1 ^ A^ G ^ G ^ 1 (2.3) 

Then G is the semisimple part of G, and A^ is the nilradical of G: the exact sequence 12.31 
is split. In particular, up to finite covers, G is isomorphic to a semi-direct product G tx N. 
Let p : Q ^ GL{M) be the representation induced by the adjoint representation. Then, 
as a general fact for representations of semisimple real Lie groups, for every a in 21, p(a) 
is R-split (see [221 Chapter 4, Proposition 4.3], the point is that any weight is a R-linear 
combination of roots). Therefore, non-zero weights of p are either positive or negative. 
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In other words, once fixed a Weyl chamber C we have a sphtting M = A/"" © A/"^ © A/"^ 
such that [o, A/""] = 0, and such that for every element Qq of C, the restriction of ao to A^+ 
(respectively Af^) has only positive (respectively negative) eigenvalues. Define T-L as the 
sum A/"" ©oin^ ^ (B Q- Choose K as the copy of K in the Levi factor G of G, and let 
r be a cocompact lattice of G projecting on F: 

Proposition 3. The nil-suspension [G^K^T^'H) of {G, K,r, a) is Anosov. □ 

Remark 12. -suspensions over Weyl chamber actions was already introduced in [TB| 
Example 2.7] where they were called twisted symmetric space examples, but only in the 
hyperbolic case, i.e. when the central direction V"' is trivial. It was also observed that this 
construction can be iterated, alternating central extensions and T^- suspensions. 

Actually, the main difficulty in constructing nil-suspensions over Weyl chamber actions 
is to find a representation p such that G tKp N admits indeed a cocompact lattice T. The 
typical way to do so is to consider a Q-algebraic structure one G, i.e. to consider G as the 
real form of Q-algebraic group G, such that Gz (which, by Borel-Harish-Chandra Theorem 
is always a lattice) is cocompact, and a Q-representation p from G into a Q- vector space 
V. Then, p{Gj) preserves a lattice A of Vq. Take then as nilpotent Lie group the real 
form V := Vr and as cocompact lattice fofG' = G't><p\^ the subgroup F Xp A. 

Definition 9. [G iXpV^, K., F KpA, aKp V) is an arithmetic T^-suspension over {G, K, F, o). 

One can also deform the lattice F = F Kp A; after such a deformation we still have an 
algebraic Anosov action. 

A special way to do so is the following: let t : T V he any 1-cocycle, i.e. a map 
satisfying: 

V7,yeF, r(7y) = r(7) +p(7)(r(7')) 

Then: 

FXpA -> G^pV 
(7,5) ^ (7,5 + r(7)) 

is a morphism, whose image is a cocompact lattice of G Xp V, that we denote by F,-. 

Definition 10. (G Kp V, K, F^, a Xp V°) is a deformation of an arithmetic T^-suspension 
over {G, F, a). 

Observe that cohomologous cocycles produce conjugated lattices, hence equivalent alge- 
braic Anosov actions. 

Geometrically, the fact that r vanishes in H^{r, V) (the non-deformed case) means that 
there is a Levi factor ^ G whose intersection with f ^ is a lattice in itself. In other words. 
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the flat bundle over T\G / K admits then a horizontal section (the projection in T\G/ K of 
a right orbit in G Xp of a Levi factor), which, in particular, is preserved by the action. In 
this case, there is an equivariant copy of the Weyl chamber action in the suspended action. 

Proposition 4. Assume that T is an irreducible lattice in G and that the real rank of 
G is at least 2 and that G has no compact simple factor. Then, any T^-suspension over 
{G,K^T^A) is commensurable to a deformation of an arithmetic -suspension. 

If moreover G has no simple factor of real rank 1, then any T^-suspension over {G, K, T, A) 
is commensurable to an arithmetic -suspension. 

Proof. By Margulis arithmeticity Theorem, under the hypothesis of the proposition, there 
exists a Q- algebraic group H and a morphism r : — )■ G with compact kernel such that, 
up to finite index, we have T = r{Hi). Moreover, por{Hi) preserves the lattice A = f fl V 
this lattice defines a Q-structure on V such that A = V^. Then p = por is a Q-morphism. 
Hence, (i^K Xp V, ii", if^ iXp A, ^ ix^ V^) is an arithmetic T^-suspension. 

Now, by a Theorem of Mostow (see [31, chapter 4, Theorem 2.3]), (a finite index of) the 
lattice r can be deformed continuously into (a finite index lattice of) the lattice Kp A. 
The first part of the proposition follows. 

For the second part of the proposition, see the discussion at the end of [311 Chapter 4, 
§2]. 

□ 

Remark 13. In Remark\^ we have observed that any Weyl chamber action is equivalent 
to a Weyl chamber action on a semisimple group that has no compact simple factor. One 
is tempted to remove in Proposition [7] the "no compact simple factors " assumption, since 
it seems to be automatically satisfied. 

However, it is not correct: let G = Gnc-C be the decomposition of G as a product 
of a semisimple Lie group without compact factor Gnc md the product G of all compact 
simple factors. Even if automatically included in K , the compact subgroup G may act non- 
trivially on V , and the components in G of elements ofV plays a role in the definition of 
the suspension which cannot be removed by simply taking a finite index subgroup. 

Remark 14. A T^-suspension over a Weyl chamber flow is not necessarily an abelian 
extension over a hyperbolic nil-suspension. A typical example is provided when G is the 
group of affine transformations on Q, i.e. the semidirect product G Q (indeed, this 
semidirect product can be seen as the subgroup o/Diff(^) generated by the transformations 
Ad((7) and translations on Q ). In this case, the invariant subspace is the subalgebra A, 
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and it can he easily proved that most orbits of A in {Gz XacI Qz)\{G XAd are not 

compact. 

2.4.3. Nil- suspensions over central extensions of Weyl chamber actions. As we will prove 
(Theorem [3]) any abelian extension over a modified Weyl chamber action is actually a cen- 
tral extension over (maybe another) modified Weyl chamber action, and algebraic Anosov 
actions which are not as described in section 12.4.11 are nil-suspensions over Anosov actions 
commensurable to a central extension over a (modified) Weyl chamber action. 

Let (G, K, f , ii) be such a central extension of a Weyl chamber action (G, K, T, a) with 
associated central exact sequence 1— t-A— j-G— >G— t-I. Actually, this sequence is 
necessarily split, ie. G ^ A x G, but this splitting is not necessarily preserved by f . 

The construction of a nil-suspension over (G, K, f , T-L) tantamount essentially to the 
construction of a nil-suspension over (G, K, F, o) (for example as described in the previous 
section I2.4.2p and to introduce a action of (if A has dimension £) commuting with the 
action on one fiber of the nil-suspension (which is a nilmanifold) induced by the holonomy 
group on a compact orbit of o. We don't enter in any further detail; since we have no hope 
to give a complete description. 

However, we want to stress out the following phenomenon: there exists central extensions 
of Weyl chamber actions, one commensurable one to the other, but such that one admits 
(abelian hyperbolic) nil-suspension which is not commensurable to any nil-suspension over 
the other. It shows that some care is needed when replacing an algebraic action by another 
one which is commensurable to it. 

Take as semisimple Lie group G the group SU(1,2). Let Tq be a finite index subgroup 
of a uniform arithmetic lattice of SU(1,2); we can furthermore assume that ro/[ro,ro] is 
infinite, i.e. that there is a non-trivial morphism m : Fq — ?■ M (cf. [31, page 98]). Since Fq is 
an arithmetic lattice, there is a representation p : G — ?■ GL(A;,]R) such that p(Fo) preserves 
the lattice A = of F = M'^. We select here p so that it is hyperbolic, ie. such that it 
has no zero weight. Let and : G ^ GL(V^''') be the complexifications: V'^ contains 
a p'^(Fo)-invariant lattice A*^. 

We consider the circle §^ as the group of complex numbers of norm 1. Select a non trivial 
morphism m : F — )■ §^ with dense image, and define the morphism r„ : F — )■ U(l,2) by 
^u{l) = ^(7)7? where the second factor ^(7)7 denotes the composition of 7 by the complex 
multiplication by ^(7). If u is small enough, then the image F„ of r„ is a uniform lattice in 
U(l, 2). Observe that p^iVy) does not preserve A''. Actually, we can select u so that there 
is no complex representation of U(l,2) such that the image of F„ by this representation 
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preserves a lattice: indeed, the space of such representations up to conjugacy is countable, 
whereas there are uncountably many morphisms u. 

Let u(l,2) be the Lie algebra of U(l,2), let let su(l,2) be the Lie algebra of SU(1,2), 
considered as a subalgebra of u(l, 2): we can write u(l, 2) = Z (B su(l, 2), where Z is the 
center of u(l, 2), tangent to the subgroup Z ^ E>^ comprising matrices of multiplication by 
an element of 

Select a Cartan subspace a of u(l,2), and consider it as a 1-dimensional subalgebra of 
su(l, 2). Let Kq be the compact complement of the centralizer of a in SU(1, 2), that we can 
consider as a subgroup in U(l,2), and let be the sum Z(Bci. Clearly, (f/(l, 2), i^o, r„, 
is a central extension of {SU{1, 2), Kq, Fq, a). 

Consider now the group G' = K' x U(l,2), where K' is the circle S^, and let T' be 
the image of the morphism Fq — t- G' mapping 7 on (m(7)~^, r„(7)). The center of G' is 
the torus K' x Z. Clearly, F' is a uniform lattice of G'. Moreover, {G',K' x fro,F','H) 
is commensurable, even equivalent, to (U(l, 2), ii"o, F^, "H): the equivalence is obtained by 
dividing by the compact center K' (item (5)). 

Now the key point is that in doing so, we have introduced a new circle, which provides 
one more parameter for the construction of a nil-suspension. More precisely: Let G be the 
semidirect product V'^ x {K' x U(l, 2)) where U(l, 2) acts on through p*^, and K' ^ §^ 
by multiplication by complex numbers of norm 1. We have constructed F' so that its K'- 
component cancel the deformation we have introduced for F„, so that now the action of 
F' C G' preserves the lattice A''' in V"'': the semidirect product F := A*^ x F' is a uniform 
lattice in G. We are in the situation very similar to the one considered in Definition [9j 
(G, K' X Kq, f , "H) is then an abelian nil-suspension over (G", K' x Kq, F', Ti). Observe that 
it is Anosov since p has been selected hyperbolic. 

On the other hand, since we have selected F„ so that it preserves no lattice in a U(l, 2)- 
complex vector space, (U(l, 2), ii'o, F„, admits no abelian nil-suspension at all. Our 
claim follows. 

3. Classification of algebraic Anosov actions 

In all this section, {G, K, F, "H) denotes a fixed algebraic Anosov action, and f)o an Anosov 
element of T-L. We assume that K is connected (cf. Remark [3]). Up to conjugacy, one can 
assume that the "H-orbit of F in G/K is compact, i.e. that F n HK is a lattice in HK, 
that we denote by A. 

We denote by R the (solvable) radical of G, by its nilradical. We will need to consider 
the universal covering tt : G — t- G. The kernel of tt is a discrete group 11 contained in the 
center of G. The Lie algebra of G is ^. The group G is a semidirect product i? x L of its 
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radical i?, which is tangent to TZ, and a Levi factor L ^ G/R. We have vr(i?) = i?, and 
7r(A^) = A^, where is the nilradical of G, which is tangent to the nilradical M of Q. We 
also denote by K the unique subgroup of G tangent to the subalgebra T-L <Z Q. It is not 
necessarily a compact subgroup of G, but the intersection 11' = 11 fl is a lattice in K. 
Hence, (G, F, T-L) is a generalized algebraic Anosov action in the sense of Definition [3l 

Since we also assume that A = F fl HK is a lattice in HK, the intersection F fl HK is 
a lattice A in iffC too. 

3.1. Preliminary results. 

Lemma 4. The stable and unstable subalgebras S andU lie in the derived ideal [Q,G]. 

Proof. The restrictions ad()o|w and ad()o|5 have trivial kernel, hence are surjective. Every 
element of S and U is therefore a commutator [[)o, ()]• It proves the Lemma. □ 

A fundamental remark is that algebraic Anosov actions are closely related to the general 
notion of Cartan subalgebras (CSA) (see section 15731) . More precisely: 

Proposition 5. Let /C = /C* © 7i be a Levi decomposition of IC, and let Oo be a maximal 
abelian subalgebra of IC* . Then, H (B cio (B Ti is a CSA of Q. 

Proof. Observe that the radical of the compact Lie group K is abelian, hence 7i is abelian. 
More precisely, 71 lies in the center of /C, and the splitting /C = 71 ©/C* is ad(/C)-invariant. 
Since every element of "H commutes with every element of /C, 7/©Oo©Tl is nilpotent. Let x 
be an element in the normalizer ^{'H(Bao(BTi). Since the decomposition Q = ^{©/C©^©^ 
is adf)o-invariant, it follows that x must lie in "H © /C: there are y, z, in "H, K, respectively 
such that X = y © z. Since Ti C © Oq © Tl ) , the /C-component z lies in 91(7/ © ao © 7i ) . 
But since adz vanishes on © 7i, it follows that the projection of z in /C* ^ /C/7i must 
normalize Oq. Since Oq is a maximal abelian subalgebra of IC*, hence a CSA of IC* ( |13l 
Corollary p. 80]), the projection of z in IC* lies in ao, hence z lies in 7i © Oq. 

We have proved that "H © Oq © 71 is its own normalizer. The proposition is proved. □ 

The construction described in § 12.2.11 applies in general: 

Definition 11. The algebraic action {G, KyTjH) is simplified if K is semisimple. A 
simplification of {G, KjTjH) is an algebraic action (G, 7^*, F, 7/*) where K* is a Levi 
factor of K, and H* is the sum Hu © 7i where 7i is the (nil)radical the Lie algebra of K 
and the graph of a morphism u : H ^ IC* contained in the centralizer of IC. 

Hence, {G, K,r,l-L) admits an abelian extension by a simplified algebraic action. 
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Lemma 5. Assume that {G^K^T^l-C) is simplified. Then up to commensurability, one can 
assume that G is simply- connected. 

Proof. Since K is semisimple, the Lie algebra /C is compact semisimple. The connected 
Lie subgroup K of G tangent to K, is therefore compact. Observe that K is the image of 
K by p. The Lemma follows from item (6) of the definition of commensurability. □ 

We will also need the following Lemmas, which hold in all cases, simplified or not: 

Lemma 6. Up to commensurability, KhM is trivial. 

Proof. Since is nilpotent, the compact fl K is abelian. At the universal cover level, 
the identity component Kq of the intersection A^ fl -ft" is a free abelian subgroup whose 
intersection with 11 is a lattice Ho in Kq. According to [31, Theorem 2.7, page 45], the 
inclusion Kq > A^ is the unique Lie morphism extending the inclusion Ho )■ N . 

But Ho C n is contained in the center of G, hence, for every element g of G, the inclusion 
gKog^^ ^ A"o is also an extension of Ho "—^ N, hence must coincide with Kq > A^. 
Therefore, Kq is normal in G. The lemma follows from Remark HI □ 

Lemma 7. Up to commensurability, [G, K, F, 7/) is a central extension over an algebraic 
Anosov action {G' , K' ,r' ,71') such that the center of G' is trivial. 

Proof. The main argument is the one used in the proof of Lemma [10] in the appendix. Let Z 
be the center of G. Consider any left invariant metric on G, and the induced metric on the 
compact quotient r\G. The (left or right) translation by Z induces a group of isometrics, 
all commuting with the right translations by elements of G. By Ascoli-Arzela Theorem, 
the closure of this group of isometrics is a compact abelian subgroup T of Isom(r\G), 
whose elements still commute with right translations by elements of G. Therefore, T is 
the product of a torus Tq by a finite abelian group, which is induced by left translations 
by a closed subgroup A of G, such that A fl F is a lattice in A. Let Aq be the identity 
component of A. We have a central exact sequence: 

O^Ao-^G^G^^O 

where is the quotient G/Aq. Let 21 be the Lie algebra of Aq. Clearly, no element of 21 
may have a component in S (BU, hence 21 is contained in /C©?/. But observe also that Aq is 
contained in the nilradical of G, hence 21 is contained in (/C©'H)nA/' = (/CnA/')©('HnA/') = 
H n A/" (cf. Lemmas [6] and [9]) . In other words, the To-orbits are tori contained in the orbits 
of the Anosov action. 
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The intersection fl F is a lattice in Aq. It follows that the projection of F in 
is a lattice. Let be the projection of K in G^, and Ti^ the projection of in the Lie 
algebra of GK Clearly, (G, K, F, is a central extension over (G", i^", F«, ?^"). 

The center of G^ is the quotient = Z/A. If we reproduce the initial study of the 
induced action on F''\G'', we now obtain a finite group of isometrics of F^yC. It means 
precisely that Z^ fl F" has finite index in ZK The Lemma is proved by taking the quotient 
G' = GyzK 

□ 

3.2. Solvable case. 

Theorem 1. Every algebraic Anosov action [G, K,r,'H) where G is a solvable Lie group 
is commensurable to a nil- suspension over the suspension of an Anosov V-action on the 
torus (p e W). 

In particular, up to commensurability, the compact Lie group K is finite (hence trivial 
if connected). 

This § is devoted to the proof of Theorem [1] 

Recall that we are assuming, up to commensurability, that K is connected. Hence, since 
G is solvable, the compact subgroup ii" is a torus, and "H © /C is nilpotent. Let M denotes 
as usual the nilradical of Q. Then [Q,G] C M . Let Q be the quotient algebra QjM . It is 
abelian, W for some positive integer p. 

According to Lemma HI S and U are contained in M . Therefore, the projections of S 
and U in Q are trivial, and ^ = "H © ^, where "H and K, denote the projections of "H and 
/C in Q. 

Similarly, the abelian Lie group G = G/N is the product H x K oi the projections 
of H and K hj p : G — > G/N. Using item (4) of the definition of commensurability, 
one can change "H by the graph in /C © "H of some linear map — )• /C so that now the 
intersection if fl F is a lattice in H. Then, the inverse image p~^{H) is a normal subgroup 
G' such that G/G' is compact. In particular, F fl G' has finite index in F, ie. one can 
assume up to commensurability that F is contained in G' . Moreover, since K = p{K) is 
supplementary to H in G, the group G is generated by G' and K. Then, by item (3) of the 
definition of commensurability, (G, i^, F,?/) is commensurable to (G', fl G', F, H). But, 
by construction of G', the projection in G'/N of K fl G' is trivial; therefore, according to 
Lemma El fl G' is finite. It follows that, up to commensurability, one can assume that 
K is trivial, ie. that the action is simplified. 
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We have an exact sequence: 

Since G can be assumed simply-connected (cf. Lemma [5]) the nihadical and the 
abehan factor G are simply-connected. Hence, we also have a exact sequence: 

1^ N ^G ^ H ^1 

Let A be the intersection fl F and T the image p{T). According to Theorem [6] A and 
r are lattices in A^, G, respectively. In particular, F ^ Z^. 

Let Ni = [A^, A^] be the first term of the lower central serie of A^, and let Gi := G/Ni. 
According to Theorem |5] the intersection A fl A^^i is a lattice Ai in A^^i. Consider the 
subalgebra A/^ := A/i + {71(1 A/"). It is contained in JV, hence nilpotent. Moreover, we 
claim that it is an ideal in Q. Indeed, let x = y + z be an element of JVh with y G A/i and 
z G T-LnM. Since S®U C M and x G A/", we clearly have adx(5©Z^) C [J\f,J\f] = Mi C Uh- 
Now ady(?^) C [Mi, G] d Mi G Mh and adz(H) C [A^, H]f}[H,n](lMr}H(l Mh, hence 
adx('H) C Mh- Since Q = S ®U (BH, our claim follows. 

Let Nh be the normal subgroup tangent to Mh- Since F fl A^i is a lattice in A^i and 
Tr\{Nr\H) is a lattice in NCiH, it follows that THNh is a lattice in the nilpotent Lie group 
Nh- Hence, all the criteria for nil-suspensions are satisfied: (G',F,'H) is a nil-suspension 
over the algebraic action (G', F', W), where G' = G/Nh, W = H/{H hMh) = n/{nnM) 
and F' is the projection of F in G' (observe that F' is a uniform lattice since F n Nh is a 
lattice in Nh)- 

Let Q' be the Lie algebra of G': its nihadical M' = M /Mh (which is abelian) has now a 
trivial intersection with W , hence M' = S' ® W . We still have Q'/M' ^ QjM ^ H- 
It follows that "H' is abelian, and the exact sequence: 

Q ®S' ^g' ^H^Q 

is split. Therefore, G' is a semi-direct product A^' xi H' . Once more. A' := F' fl A^' and 
A' = F'nif' are lattices in respectively A^', H' . The semi-direct product A' x A' is a lattice 
of G' contained in F'. Up to commensurability, one can assume the equality F' = A' k A'. 

Geometrically, this result means that the action of H' is a suspension of an action of 
A' ^ on the torus A'\N'. This action is Anosov since the action of an Anosov element 
ho in A' is hyperbolic. 

Theorem [T] is proved. 
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3.3. Semisimple case. In this section, we assume that G is semisimple. 

Theorem 2. Every algebraic Anosov action {G, K,r,'H) where G is a semisimple Lie 
group is commensurable to a modified Weyl chamber action. 

The section is entirely devoted to the proof of Theorem [21 

According to Lemma [10] in the appendix, we can assume, dividing by the intersection 
between F and the center of G, that the center of G is finite. In particular, G is a finite 
covering of its own adjoint group, and we can define (modified) Weyl chamber actions on 
G. Moreover, G is "nearly" algebraic: we can decompose every element of Q as the sum 
of its nilpotent, elliptic and hyperbolic parts (cf. § 15.2.3^ . 

According to Proposition [5l the sum H © 7i © Oq where 71 is the radical of /C and Oq a 
maximal abelian subalgebra of /C* is a CSA, that we denote by A. In particular, H©?! ©Oq 
is abelian, and every element of H is semisimple (as compact subalgebras, 7i and Oq are 
elliptic). 

Let now Tihyp be the abelian algebra comprising hyperbolic components of T-L (hence of 
A), and let a be a Cartan subspace containing Tihyp- The centralizer Z{a) of o is a © Kq, 
where /Cq is the Lie algebra of a compact subgroup Kq of G (cf. § I5.2.3p . The following 
Lemma is quite classical, and is an ingredient of the proof that CSA's are characterized by 
the maximal dimension of their intersections with Cartan subspaces. 

Lemma 8. "H © /C = o © /Co 

Proof. Let f)o be an Anosov element of Ti and let be the hyperbolic part of f)o. The 
splitting Q = 1-L ® IC ® S ®U is ad(f)Q^^)-invariant, where S is ad(f)Q^^)-contracted, U is 
ad(f)Q^^)-expanded, and "H ©/C is the space of generalized 0-eigenvectors of ad([)o^^). Since 
ad(f)Q^^) is hyperbolic, 7{ © /C is actually the kernel of ad(f)o^^). 

On the other hand, fig^^ lies in Tihyp, hence in o. Therefore, the centralizer of a is 
contained in the centralizer of f)o^^: 

a®ICoCn®K: (3.1) 

In particular, the adjoint action of o preserves the decomposition "H © /C. This action is 
trivial on the factor T-L (since T-L is abelian and commutes with every element of /C); and 
on the factor /C, it is M-split. However, /C is the Lie algebra of a compact Lie group, hence 
the eigenvalues of any automorphism on it is purely imaginary. It follows that the action 
of a is trivial on H © /C. Hence, 7/ © /C is contained in the centralizer Z{a) = a © /Co of 
The lemma follows. □ 
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The algebra "HQ/C = a©/Co = ^(ci) admits a (unique) Levi decomposition ('H©Tl)©/C* = 
(a © Te) © /Co- Elements in /C are elliptic, hence have no component in a: /C is a direct 
sum /C* © /Ce where /Ce is a subspace of 7^. Since H is contained in the center of Z{a), it 
is contained in a(B%, and it is supplementary to /Cg therein. Consider = a © ("H fl 7^): 
it contains a, and clearly the modified Weyl chamber action {G,K = K*.Ke,T,'H') is 
equivalent to {G, K, T, "H) since "H' © /C = "H © /C. Theorem [2] is proved. 

Remark 15. In particular, % contains the Cartan subspace a. Therefore, the CSA men- 
tioned in Proposition's^ is hyperbolic in the sense of §5. 2. 3[ 

3.4. Mixed case. Now we study an algebraic Anosov action {G, K, T, "H) such that G has 
a non trivial Levi factor L, and a non-trivial (solvable) radical R. 

Theorem 3. Let {G, K,r,'H) be an algebraic Anosov action, where G is not solvable and 
not semisimple. Then: 

- either {G, K, T, "H) is commensurable to an algebraic Anosov action on a solvable Lie 
group (it happens when L is compact), 

- either {G, K,r,'H) is commensurable to a central extension over a (modified) Weyl 
chamber action (it happens when G is reductive), 

- or {G, K, r, Ti) is commensurable to a nil- suspension over an algebraic Anosov action 
which is commensurable to a reductive algebraic Anosov action, ie. a central extension over 
a (modified) Weyl chamber action. 

Remark 16. The last part of the statement of Theorem\^ (the case of non-compact Levi 
factor) may appear unnecessarily complicated; one could think that it could be replaced by 
the simplified statement: 

{G, K, r, Ti) is commensurable to a nil-suspension over a central extension over a (modified) 
Weyl chamber action. 

Actually it is not true. The point is that, as shown by the example in § 2.4-3\ if 



{Gi, Ki, Fi, "Hi), {G2, K2, T2, 'H2) are two commensurable algebraic Anosov actions, it could 
be possible to construct nil-supensions (even abelian hyperbolic) over (Gi, i^i, Fi, 7/i) that 
are not commensurable to any nil- suspension over {G2, K2,T2,'H2) ■ Remark[T^is another 
evidence that we have to take care in the formulation. 

Under the hypothesis of this Theorem, R and L are non-trivial. Recall that it : G ^ G, 
R denote the universal coverings. We identify G/R with a Levi factor, so that G is a 
semidirect product L x R. 

Proposition 6. For any simple compact factor G of L, the adjoint representation Ad : 
C — 7- GL{TZ) is not trivial. 
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Proof. Assume not. Then, since C commutes with the other simple factors of L, its Lie 
algebra C is an ideal of Q. In particular, it is preserved by the adjoint action ad(f)o) of 
any Anosov element. Let C = T-L ® K, ® S ® U he the restriction to C of the spectral 
decomposition of ad(f)o) (cf. Lemma [9]). Since C is compact, this restriction is elliptic. 
Hence elements of C have no components in S ©W, hence C is contained in H ©/C. Let q be 
the restriction to C of the projection from }C(B'H onto (/C © 'H)/IC ~ "H: since C is simple, 
and not abelian, this restriction is trivial: C is actually contained in /C. This contradicts 
Remark HI □ 

Therefore, one can use Theorem [9] in the appendix: F fl i? and F fl are lattices in 
respectively R, N. Moreover, the projections of F in G/R and the reductive group G/N 
are uniform lattices. From now, we distinguish two cases: 

3.4.1. Some Anosov element f)o lies in the radical TZ: The restriction of ad(f)o) to S is an 
automorphism, hence every element of S has the form ad([)o)(s) = [f]o; s] where s lies in S. 
Since TZ is an ideal, it follows that S is contained in TZ. 

Similarly, U is contained in TZ. Therefore, Q /TZ is the projection of H © /C. Since Q /TZ 
is semisimple, it follows that Q/TZ is compact and that T-L is entirely contained in TZ. Since 
the projection of F in G/R is discrete, it is actually finite: up to a commensurability (item 
(1) of the definition) we have F C -R. 

It follows from item (3) of the definition of commensurability that {G, K, F, "H) is com- 
mensurable to {R,K n R^T^Ti): we are reduced to the solvable case. Theorem [3] in this 
case follows from Theorem [H 

3.4.2. No Anosov element of Ti lies in TZ: Up to a nil-suspension with principal fibers 
(F n N)\N, we can assume that the niradical of G is trivial, ie. that G is reductiv^. 

We have an exact sequence: 

l^R^G^ G/R 1 (3.2) 

This exact sequence is central (cf. [22] Chapter 2, Theorem 5.1]). Hence TZCiJC is an ideal in 
Q. According to Remark |U we can assume, up to commensurability, that this intersection 
is trivial. Let [)o be an Anosov element of Ti. Since TZ is the direct of its intersections with 
S, lA and Ti (its intersection between K, being trivial), and since TZ lies in the center of 
we obtain that TZ is contained in Ti. 

use this observation only now, because it was unnecessary in the previous case, in which we can 
avoid the loss of precision in the Theorem as explained in Remark [ini Of course, this observation is also 
unnecessary if we already know that G is reductive! 
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Therefore, the action by translation by R defines a central extension over an algebraic 
Anosov action [C, K', T', %') where G' is now semisimple. Since we have already solved 
the semisimple case, it seems at first glance that we have proved Theorem [3l but it is 
not true. Indeed, in this way, we have replaced three intermediate Anosov actions under 
study by commensurable ones: at the initial algebraic Anosov action (in order to use the 
"Preliminary results" of § 11.21 and I3.ip : at the induced algebraic action on the reductive 
group G/N (when we use Remark H] in order to claim that 7^ fl /C is trivial); and finally to 
the semisimple factor G/R when we use Theorem [2J 

In order to really achieve the proof of Theorem |3] we need to perform the replacement 
by a commensurable action only to G/N, ie. to prove the following particular case: 

Proposition 7. Any algebraic Anosov action {G, K, T, "H) where G is reductive is com- 
mensurable to a central extension over a modified Weyl chamber action. 

Let [)o be the projection in £ = Q/TZ of the Anosov element f)o- The adjoint action of ()o 
on C coincide with the action induced by ad(f)o), hence admits as spectral decomposition 
C = 'H(BIC(bS(BU the projection of the spectral decomposition Q = 'H(BlC(BS(BUof 
ad([)o)- If <S is trivial, then the same is true for U, since the trace of ad(f)o) is 0. Then 
Q reduces to © ^, with H 7^ {0} (since it contains ^o)- This is impossible since C is 
semisimple. 

Therefore, S and U are non-trivial, and {G/R, K,T,'H) is an algebraic Anosov action. 
The key point is that in the proof of Theorem [2] we have used Lemma [101 we have divided 
G/R hy the intersection between T and the center of G/R. 

However, we can reproduce word-by-word the proof in the semisimple case. We obtain, 
after maybe replacing Ti by another nilpotent subalgebra Ti' like in item (4) of the definition 
of commensurability, that Ti = a Q) T-Le and ^ = /Cg © /Cg, where a is a Cartan subspace, 
/Cq the semisimple part of Z(a), and 1-Le®^e a splitting of the radical of the compact part 
/Co of Z{a). The little difference is that the Lie subgroup Kq of G/R tangent to /Co might 
be non-compact in G/R, since G/R might have infinite center as long as we do not use 
Lemma [TOl 

In order to conclude, we have to show that the following: 

Claim: T contains a subgroup Zy that has finite index in the center Zq of G. 

Indeed, if we prove the claim, the Levi factor of (G / Zy) / {R / Zy) has finite center. Hence 
{G, K, r, T-L) is commensurable to an algebraic Anosov action whose Levi factor has finite 
center, and we conclude as above. 

We prove the claim as follows: let us work in the universal covering, hence consider the 
generalized algebraic Anosov action {G,K,T,1-L) (cf. Definition [3]). Then G = L x R. Pay 
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attention to the fact that the semidirect product is a product. If the intersection T f] L 
was a lattice in L, we would easily prove the claim by applying Lemma [TOl The way how 
this property fails is expressed by the projection of the morphism T R defined by the 
projection on the second factor. We will decompose this morphism in several pieces that 
we will study one-by-one. 

First of all, observe that according to Proposition |6l L has no compact factors. Let f 
be the uniform lattice in L, obtained by identifying the Levi factor with G/R (hence it is 
not the intersection F fl L). 

Let L = FiX ...xFr the decomposition of L in factors so that F is the product Fi x ... x F,, 
where each Fj is a irreducible uniform lattice in Fj. It defines a similar splitting F = 
Fi X ... X Tr where each Fj is an uniform lattice in x R. For each i, consider the 
projection : Fj — )■ on the second factor. We have an exact central sequence: 

where A is the lattice T (1 R of R. Consider the induced morphism from f j into R/A. Since 
R/A is abelian, it induces a morphism: 

ai : r,/[r,, F,] R/A 

There are several possibilities: 

• If Fi is not locally isomorphic to 811(1,7?,) or SO(l,r;,).- then, according to |3T1 
Theorem 7.1, page 98], rj/[rj,rj] is finite (because then Fi and its lattices have 
property (T)). By restricting to a finite index subgroup, we can assume that is 
trivial. It means that Fj preserves Fi x A. Therefore, Fj fl Fi is an uniform lattice 
in Fi, hence contains a finite index subgroup Zi of the center of Fi according to 
Lemma [TOl 

• If Fi is locally isomorphic to SU{l,n) with n > 2, or to S0(1, k) with k > 3: Then, 
the center of Fi is finite. Define Zi as the trivial group. 

• If Fi is locally isomorphic to SU(1, 1) ~ S0(l,2) ^ PSL(2).- Then either Fi has 
finite center and we define Zi has the trivial group, or Fi is the universal covering 
SL(2) of PSL(2). In the second case, we define Zi as the intersection between 
[Fj,Fj], and the center of SL(2). According to Lemma fTTl Zi has a finite index 
intersection with the center of SL(2). But, since Zi is contained in [Fj,Fi], it is 
contained in the first commutator group of R x Fi, ie., Fi. 

Now take the product Zi x ... x Zr of every subgroup constructed in each Fi. It is a 
discrete subgroup of F which has finite index in the center of L = Fi x ... x Fr (since this 
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center is the product of the centers of the -Fj's). The Claim is proved, and the proof of 
Theorem [3] is complete. □ 

4. Conclusion 

4.1. Algebraic Anosov flows. Our study covers the special case already treated by P. 
Tomter; the case of algebraic Anosov flows, ie. the case where the acting group H is M. 
Actually, most of the difficulties appearing in the proofs of Theorems [1] and |3] are greatly 
simplified in this case. For example, assume that the Levi factor L of G is not trivial. 
Then, L must be simple and of rank one, and the underlying Weyl chamber fiow cannot be 
a modified one. This Levi factor must obviously be of real rank one. Moreover, according 
to the proof of Theorem 121 R/N is contained in the acting group = M, and therefore 
must be trivial since H already contains a Cartan subspace of G/R. 

In the case where L is trivial, ie. when G is solvable, according to Theorem^ (G, K, F, M) 
is commensurable to a nil-suspension over the suspension of an Anosov action of Z'^ on a 
torus . Obviously k = 1, and the nil-suspension must be hyperbolic. 

Hence we recover following result, with a proof somewhat simpler than the one in [29], 

m- 

Theorem 4. Let (G, f^, F, M) he an algebraic Anosov flow. Then, (G,-ft', F,]R) is com- 
mensurable to either the suspension of an Anosov automorphism of a nilmanifold, or to 
a hyperbolic nil- suspension over the geodesic flow of a locally symmetric space of rank 
one. □ 

4.2. Algebraic Anosov actions of codimension one. Recall that an Anosov action 
is said of codimension one if there is an Anosov element of l-L for which the unstable 
subalgebra U has dimension one. It is conjectured (cf. p|) that any algebraic Anosov 
action of M'^ of codimension one is a T^-extension over the suspension of an Anosov action 
of Z'^ on a torus, or over the geodesic fiow of the unit tangent bundle of a closed hyperbolic 
surface. A first step is to check this conjecture in the case of algebraic Anosov action. 

Proposition 8. Let [G, K, F, H) be an algebraic Anosov action of codimension one. Then, 
{G, KjTjT-L) is commensurable to either a nil- extension over a codimension one Anosov 
action of 1} on a torus, or to a nil-extension over the geodesic flow of the unit tangent 
bundle of a closed hyperbolic surface. 

Proof. Let us first consider the case where G is solvable: according to TheoremUl the action 
is commensurable to a nil-suspension over an Anosov action of on a torus. Clearly, this 
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Anosov action of V must be of codimension one, and the nil-suspension has to be a nil- 
extension since if not it would increase the dimension of U. 

When G is not solvable, (G, i^', F, is commensurable to a nil-suspension over an 
algebraic Anosov action {C , K' ,r' ,71') where G' is the reductive quotient G/N of G. 
As in the solvable case, this nil- suspension must be a nil-extension. It follows that the 
(solvable) radical R of G must be contained in H, hence be nilpotent: we have R = N, 
hence G' is semisimple. Therefore, {G', K', F', "H') is a modified Weyl chamber action of 
codimension one. 

Now we observe that for modified Weyl chamber actions, U and S have the same di- 
mension for every Anosov element (ie. every element of the Weyl chamber). Hence in our 
case they are both one dimensional, meaning that G' has only two roots. The classification 
of semisimple Lie algebra implies that G' must be isogenic to PSL(2,]R). The proposition 
follows. □ 

4.3. A remark on equivalence between algebraic Anosov actions and hyper- 
bolic Cartan subalgebras. According to Proposition |5l we have observed that algebraic 
Anosov actions are closely related to Cartan subalgebras. More precisely: 

- when G is solvable, we can assume up to commensurability that K is trivial. Then it 
follows immediately from Proposition [5] that is a CSA of Q. 

- when G is non-solvable, we have proved that the projection of 7i in the Levi factor 
G/R must contain a Cartan subspace a (cf. Lemma [H])- Therefore, the CSA H © Oq © 7i 
as stated in Proposition [5] is a hyperbolic CSA of G (cf. § 15. 3p . 

Hence, according to Theorems [TO] and [TT| the CSA "H © Oq © TJ does not depend (up to 
conjugacy in G) on the Anosov action. 

5. Appendix 

5.1. Spectral decomposition of linear endomorphisms. Let be a finite dimensional 
real vector space. Let f : V ^ V he & linear endomorphism, and V = Ei (B ■■■ (B its 
spectral decomposition in generalized eigenspaces: the restriction of the complexification 
to Ef' has only one complex eigenvalue Aj. 

Let W G V he a /-invariant linear subspace, let p : V ^ V/W he the quotient map and 
let / : V/W ^ V/W he the induced linear map. 

Definition 12. The linear endomorphism f : V ^ V is hyperbolic if no complex eigenvalue 
of f has vanishing real part. It is partially hyperbolic if the endomorphism induced on 
V/Keif is hyperbolic. 
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Lemma 9. The spectral decomposition of the restriction is W = {Ei fl W) © ... © {E^ fl 
W), and the spectral decomposition of f is V/W = p{Ei) © ... (Bp{Ek). 

Corollary 1. Let W G V be f -invariant suhspace. If f is (partially) hyperbolic, then 
f\w :W^W and f : V/W — )■ V/W are (partially) hyperbolic. 

5.2. Lattices in Lie groups. 

5.2.1. The nilpotent case. Let be a simply connected nilpotent Lie group, and A C a 
uniform lattice. 

Define inductively A^^+i := [N,Nk]. For some integer n, Nn+i is trivial. 

Theorem 5 (Corollary 2 of Theorem 2.3 in |26]). For every integer k, the intersection 
Ak = An Nk is a lattice in N^. 

Remark 17. Let be the quotient N^/Nk^i. It is isomorphic to W'' for some integer 
Pk. It follows from Theorem\^ that the projection A/^ of A]^ in is a lattice. Hence Nk 
is naturally equipped with a structure over Z, which is preserved by every automorphism 
of N preserving A. More precisely, let f : N N be such an automorphism, such that 
/(A) = A. Then there are induced linear maps fk'-Nk^ Nk- Once fixed a basis of Ak, 
this linear map is identified with a matrix in GL(pfc,Z). In particular, the 1-eigenspace 
and the generalized 1-eigenspace of fk are rational subspaces, ie. their intersections with 
Afc are lattices. 

5.2.2. The solvable case. Here we assume that G is solvable. Then it contains a maximal 
normal nilpotent subgroup: the nilradical A^. The first commutator subgroup [F, F] is 
nilpotent, hence contained in A^. 

Theorem 6 (Corollary 3.5 in |26]). Let T be a lattice in a connected solvable Lie group G. 
Then T (1 N is a lattice in N, and the projection o/F in G/N is a lattice. 

5.2.3. Semisimple Lie groups. Let G be a real semi-simple Lie group, and Q its Lie algebra. 
It splits has a product of simple factors G = Fi x ... x F^ which is unique, up to permutation 
of the factors. 

A crucial point is that Q is isomorphic to the Lie algebra of an algebraic subgroup (the 
adjoint of G) in GL(n, R). In particular, every element u of ^ splits uniquely as a sum 
u = + Uhyp + Ue of two- by-two commuting elements such that: 

- Un is nilpotent, 

- Uhyp is hj^erbolic, ie. the adjoint action of Uhyp on Q is M-diagonalizable, 
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- Ue is elliptic, ie. ad(Ue) is diagonalizable over C, and the eigenvalues have all zero real 
part. 

Every element commuting with u commutes with each factor u„, Uhyp, Ug. 
u is semisimple if its nilpotent part u„ is 0, ie. if ad(u) is C-diagonalizable. 

Definition 13. A Cartan subalgebra is an abelian suhalgehra ofQ comprising semisimple 
elements and maximal for this property. A Lie group tangent to a Cartan suhalgehra is a 
Cartan subgroup. 

A Cartan subspace is an ahelian suhalgehra of Q comprising hyperholic elements and 
maximal for this property. A Lie group tangent to a Cartan suhspace is a split Cartan 
subgroup. 

Every Cartan subalgebra is equal to its own centralizer in Q, whereas the centralizer of 
a Cartan subspace a is always a sum a + /C where /C is a compact Lie algebra, meaning 
that K, is tangent in the adjoint group of G to a compact subgroup K. 

In Q there is only one Cartan subspace up to conjugacy, but, even if finite, the number 
of conjugacy classes of Cartan subalgebras can be > 1. 

For example, in so(l, 3) ~ 5l(2, C), there are two Cartan subalgebras not conjugate one 
to the other: one tangent to the maximal abelian subgroup SOo(l, 1) x S0o(2) of SOo(l, 3), 
and the other tangent to the maximal abelian subgroup of diagonal matrices in PSL(2, C). 

More precisely, Cartan subalgebras are characterized up to conjugacy by the maximal 
dimension of its intersection with a Cartan subspace. In particular, Cartan subalgebras 
containing an entire Cartan subspace are conjugate one to the other. They are of the form 
a + T where T is a maximal torus in the compact part /C of the centralizer of a Cartan 
subspace a. We call them hyperbolic Cartan subalgebras. 

Cartan subalgebras, hyperbolic or not, has all the same dimension, called the rank of G. 
The common dimension of Cartan subspaces is the W-rank of G. 

Note that the classical results we have stated above hold mainly in the case where G is 
its own adjoint, ie. has trivial center. It may happen that G is some infinite covering over 
its adjoint group, and, for example, that the group K tangent in G to /C C Z{a) is an 
infinite covering over a compact subgroup, therefore is not anymore compact. Moreover, 
results about lattices are more commonly stated in the case when G has a finite center. 
We can actually reduce to this case, thanks to the following lemma: 



Lemma 10 (Proposition 1.3, p. 68 in |3T]). Let G he a real semisimple group without 
compact factors, Z the center of G, and T a uniform lattice. Then, TClZ has a finite index 
in Z . □ 
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We will also need the following folk fact: 

Lemma 11. Let T be a lattice in the universal covering SL(2,M). Then, the first commu- 
tator group [r, r] contains a finite index subgroup of the center o/SL(2,M). 

Proof. Let p : SL(2, M) ^ PSL(2, M) be the universal covering. The center Z of PSL(2, M) 
is an infinite cyclic subgroup. The projection F = p{T) is a lattice in PSL(2,]R), hence a a 
closed surface group; let say of genus 2. It admits a presentation of the form: 

(01,61,02,62 I [ai,&i][a2,&2] = 1) 
It follows that PSL(2,R) has a presentation of the form: 

(01,61,02,62,/^ I [h,ai\ = 1, [h,bi\ = 1, [oi, 61] [02, 62] = h'') 

where h lies in Z. The key fact is that the integer e cannot vanish: it is related to the 
fact that the unit tangent bundle of a closed surface of genus g > 2 is2g — 2, hence nonzero. 
For more details, see for example section 6 in |9]. □ 

5.2.4. Splitting of lattices in solvable/semisimple parts. Consider now a general Lie group, 
which is not solvable, but also not semisimple: Q contains a normal solvable ideal. All 
these normal solvable ideals are contained in one of them, the radical TZ. The quotient 
algebra Q/TZ is semisimple. 

Theorem 7 (Levi-Malcev, see Theorem 4.1 p. 18, and Theorem 4.3 p. 20 in [22^). The 

exact sequence ^ TZ ^ Q ^ Q/TZ — )■ splits, ie. Q contains a subalgebra C, called Levi 
factor, which projects one-to-one over Q/TZ. Moreover, C is unique up to conjugacy. 

We also have: 

Theorem 8 (Corollary 3 in § 4.3 of [22] )• Any semisimple subalgebra of Q is contained in 
a Levi factor of Q. 

From now, we consider the radical R of G, tangent to TZ, a semisimple Lie subgroup L (a 
Levi subgroup) tangent to a Levi factor. Observe that L is not in general a Lie subgroup, 
but a "connected virtual subgroup"; it might be dense in G (cf. the Corollary and the 
example page 19 in |22]). We have G = R.L, meaning that every element g of G is a 
product rl, where r lies in R and I in L, and that the intersection L fl i? is discrete. The 
quotient G/R is then isomorphic to the quotient of L by a discrete central subgroup. 

If G is simply connected, this intersection is trivial, ie. the decomposition g = rn is 
unique. More precisely, R and L are simply connected Lie subgroups and G = R xi L. 
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Let be the nilradical of R: it is the maximal nilpotent normal subgroup of G. And 
let r be a uniform lattice in G. 

It is not true in general that F fl i? is a lattice in the radical R. Consider for example 
G = M X SO (3, M): the radical is M, but any subgroup generated by a non-trivial element is 
lattice, if this element has a torsion-free component in SO (3, M) then the lattice has trivial 
intersection with the radical. 



the radical R. Assume that the kernel of this action contains no compact simple factor of 
L. Then, T (1 R and F fl are lattices in respectively R, N . Moreover, the projections of 
F in G/R and the reductive group G/N are lattices. 

5.3. Cartan subalgebras in general Lie algebras. Let ^ be a real Lie algebra, not 
necessarily semisimple. For any subalgebra A the normalizer A^(^) is: 



Definition 14 (cf. [13], p. 80). A subalgebra A of Q is a Cartan subalgebra (abrev. 
CSA ) if is is nilpotent, and equal to its own normalizer. 

When Q is semisimple, this definition coincide with the one given in Definition [13] (see 
[131 Corollary 15.3]). 

Proposition 9 (Lemma A in section 15.4 of [13j). Let cj) : Q ^ Q' be an epimorphism of 
Lie algebras. Then the image by (f) of any CSA of Q is a CSA of Q' . 

There is another useful characterization of CSA: 

Definition 15. An Engel subalgebra of Q is a subalgebra of the form -C/o([)), where f) 
is an element of Q and where Lo(f)) denotes the {]- characteristic subspace of the adjoint 
action of i) on Q . 

Lemma 12 (Theorem 15.3 in [13]). A subalgebra of Q is a CSA if and only if it is a 
minimal Engel subalgebra. 

In particular, every Lie group contains a CSA. On the other hand, it is a classical result 
that if Q is the Lie algebra of an algebraic group over an algebraically closed field, CSA 
in Q are all conjugate one to the other. It remains true when the field is not algebraically 
closed under some additional hypothesis: 

^In ini], in a footnote page 107, it is observed that the proof in ^26j is incorrect. However, the proof 
has been from then completed, see [33] . 



However: 




Consider the adjoint action of the Levi factor L on 



^{A) := {x /[x,y]G^ Vy G ^} 
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Theorem 10 (Theorem 16.2 in [I3])- If G is a solvable reaU Lie group, the Cartan subal- 
gebras of Q are conjugate one to the other. 

As we have aheady pointed out, CSA's are not unique up to conjugacy when the real 
Lie algebra is semisimple. However, the classification up to conjugacy of CSA's reduces to 
the classification of maximal solvable subalgebras of ^, ie. Borel subalgebras. Indeed, 
every CSA is contained in a Borel subalgebra, and any CSA in a Borel subalgebra is a 
CSA in Q. Now there is a natural 1-1 correspondence between Borel subalgebras of Q and 
Borel subalgebras of the Levi factor C (the correspondence is simply the projection). As a 
corollary, we get: 

Theorem 11. Every Lie group G contains a unique hyperbolic CSA, ie. a CSA whose 
projection in the Levi factor is an hyperbolic CSA of C. 
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